Timedelaysin the synchronization of
chaotic coupled laser swith feedback

Jhon F. Martinez Avilaand J. R. Rios L eite

Departamento de Fisica, Universidade Federal de Pernarobu
50670-901, Recife, PE, Brazil

rios@df.ufpe.br

Abstract: Isochrony and time leadership was studied in the synchedniz
excitable behavior of coupled chaotic diode lasers. Eadhofithe system
had chaos due to feedback with a fixed delay time. The inti#s-aoupling
signal had a second, independent, characteristic timectBgnized ex-
citable spikes present isochronous, time leading or tirggitey behavior
whose stability is shown to depend on a simple relation betwhe
feedback and the coupling times. Experiments on the synded low
frequency fluctuations of two optically coupled semicortdudasers and
numerical calculations with coupled laser equations yettie predicted
stability conditions for synchronization. Synchronismttwiintermittent
time leadership exchange was also observed and characteriz
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1. Introduction

Many dynamical systems in nature have chaos due to feedBaakaracteristic timerg, as-
sociated to the feedback is therefore embedded in the syssponse. As two or more of
such systems are coupled, another independent tigyesorresponding to the time of flight
of the coupling signal, enters in the dynamical descriptbthe global system. We present
here how the relation between these two times determinepdbsible time delays in chaos
synchronization. New features of time leadership comipetin synchronized chaos between
coupled pairs of systems with feedback are found when fedddoad inter-coupling times have
the same order of magnitude. Experimental and numerita#ystability of isochronous chaos
synchronism for identical systems occurs only for specélations between these times. We
also show that time delayed and time advanced synchronisraldas synchronism with inter-
mittent leadership exchange are also quantitatively deterd by the ratio of these times. Our
case is made with pairs of semiconductor diode lasers. Hexvihe properties of synchroniza-
tion in complex systems extends far beyond physical deyideseaching the subject of neural
sciences [2].

The study of synchronism with chaotic lasers spreads foerttan a decade [3, 4, 5, 6, 10].
Of relevant interest for applications are the results onsyrechronization of semiconductor
lasers [11, 12] for encrypted communication. With optiesddback diode lasers can present
chaos in the form of very fast output power fluctuations, e tscale of picoseconds. Super-
imposed on these, irregular power drops occur in a much slinve scale (order of hundreds of
nanoseconds and longer) corresponding to the so calledémuéncy fluctuations (LFF) [13].
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The LFF dropsin single lasers are a current subject of siiadid have been associated to spikes
of excitable systems [14, 15, 16]. Coupled diode lasers dimoe advanced and time lagging
synchronization via unidirectional coupling in masteavel configuration [17, 18] and in mu-
tually coupled systems [19, 18, 20]. Symmetrically couads of lasers, without feedback,
were shown to have unstable isochronous chaotic pulsdtirefl, 22]. In the experiments and
calculations with coupled lasers without feedback, theetieading lasers always appears with
its power drops displaced by one unit of the coupling time,The use of intermediate relay-
ing system was demonstrated to give stable isochrony [Z3|&#chronous synchronization
has also been investigated [24, 25, 26] for lasers with faekllwvith the studies focused on the
fast laser fluctuations. Differently, herein we study thaayonization of the low frequency
fluctuations (LFF), known to appear at the scale of hundrédawoseconds and slower. Thus,
in our case the dynamics in the coupled systems is much fidterthe synchronized events
which have the properties of excitable spikes. So, our tesefer to synchronism of excitable
dynamical systems.

2. Experimental setup

The schema of the experiments is given in figure 1. Opticalldiaek was created in each laser

PD1

Laser 1

f———

Laser 2

M
-

Fig. 1. Experimental setup for the synchronization of Lowdtrency Fluctuations in opti-
cally coupled laser.

PD2

by a retro-reflecting external mirror. Their feedback rettimes, 71 and 15, were set equal
to within 1% precision (both named from hereny). The time of travel of the coupling signal
between the laserg;, was independently controlled with respectto Small changes in either
of the times, on the scale of fraction of nanoseconds do et thle properties of the synchro-
nism. Thus the results, like the LFF phenomenon in singlerladth feedback, are robust with
respect to optical phase changes. A consequence of suchidieisahat our observations are
consistent with the synchronization of excitable syste&¥.[These authors show how uni-
directionally coupled excitable systems can presents dleeosystems always with a lower
threshold for excitability. Their coupled systems synctize to an external common signal. In
our case the coupled systems have fast fluctuations and sxtexmal source of excitation is
necessary.
The experiments were done with two SDL 5482AlAssemiconductor lasers, named here

as Laser 1 and Laser 2, both with solitary threshold currérlomA and emitting at 805
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nm. They were thermally stabilized to0Q K and could be temperature tuned to have their
optical frequencies within 2 Ghz separation. The feedbauk bf the lasers wag = 10ns
and the strength were measured by the threshold reductiampéer¢ which is the percentual
variation of the threshold pump current as we consider therlavith and without feedback
[13]. Symmetrical optical coupling between the lasers waslpced with 50% beam splitters
as shown in figure 1. The time of flight of the light between teks was varied between 5 and
20 ns. The threshold reductions due to cross input power uszd to quantify the coupling
strengths whose contribution to our studies will be detbdisewhere. Manipulating the laser
currents and temperatures, LFF synchronism was obtainedvt each power drop in laser 1
corresponds a drop in laser 2 and vice versa.

3. Results

Typical experimental segments of the power output of thelasgers, with three events of the
synchronized low frequency fluctuations (LFF) drops, amshin figure 2. Each laser intensity

Intensity (arb. units)

| L | L } | L | L | }
100 200 300 400 500
Time (ns)

Fig. 2. Segment of experimental time series of the power)daéer 1 and (b) laser 2, show-
ing the low frequency synchronism and including the intarge of time delay between
the laserstg = 10 ns andic = 10 ns.

was detected by a 1.5 GHz bandwidth photodiode. Simulta@ata series were acquired with
a two channel digital oscilloscope having a bandwidth of 1z&Hd a maximum sampling rate
of 5 GSamples/second. One of the lasers could always bentleel¢iader by setting its pump
current or its optical frequency [19] higher. However, aeéa tuning of the laser currents and
optical frequencies is made, within the same long LFF syoized time series the LFF drops
of laser 1 can appear isochronous, leading or lagging tHdaseary 2. Such were the conditions
of figure 2 where the time leadership is interchanged betwieeps one and three, while the
second LFF drops are isochronous. Using long pairs of datesseoarse grained to angtime
resolution [16], we measuredil;= Ty; — Ty, the delay between the LFF dropf laser 1 and
laser 2.

The main result of this work is to show that, within any LFF slgronized evolution, for any
pair of excited drops the allowed delays are given by

ATi=m-Tc—ni-Tf 1)

wherem; # 0 andn; are small integers. Here we only give indicationsf= +1 but prelim-
inary results with very long numerical series show rare &veaiith m > 1. Equation 1 covers
various previously studied cases in the literature and nosfhovel observations. For instance,
with the lasers having no feedbaak, = 0, it verified that isochrony is not allowed [19]. Other
cases with feedback but forbidding isochrony are givenwkeldhe equation determindsT;
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when one laser is always leading or lagging which happena &ingle pair(m;,n;) through
the whole time series. Furthermore, it is also valid for saséh varying values ofm,n;)
within the same series, obtained from symmetrical and pegrhmetrical systems. The LFF
synchronism then appears with intermittent switching @f time delay that can interchange
the leading subsystem. The evidence of equation 1 as a pyagehe LFF synchronism was
obtained inspecting many different feedback and coupl&lgydtimes in experimental and nu-
merical series. The origin of equation 1 is present in therisity cross-correlation functions
of the fast fluctuations of coupled lasers. These correlafiobtained with sub-nanosecond
resolution, show recurrent narrow spikes (width of hundrédicoseconds) at positions and
intervals given by Eq. 1.

Let us proceed presenting our experiments along with theenigal-theoretical results ex-
tracted from a system of differential equations that désdivo mono-mode lasers with optical
feedback and optical coupling. The model correspond to afsetodified equations for the
lasers with feedback [28], including symmetrical opticalipling and assumed to have optical
frequence detunin@ = w, — o

By _ G4 G(M)—TﬂEi<t>+KEi<t—rF>exp<i<n>
+YEj4i(t — c)exp(—iQj)(t — 1c) (2)
e - (VI @

wherei, j =1,2,Q; = +Q, Q, = —Q and each laser gain is given by

Go(Ni — No)

SN e r

(4)

The definition of the various parameters and their typichlesare well discussed in the litera-
ture [13, 15]. For each lase; is the radiation field amplitudewy is the optical frequency is
the factor describing amplitude to phase conversion, Gasithplifying gainN; (t) the carriers
inversion populationt, the photon lifetime of the internal laser cavity,the carriers lifetime,
Jj the threshold normalized pump currents &cthe inversion population for medium trans-
parency. Each feedback field has an amplitude coeffigientd feedback times. The optical
couplings are linearly additive field with coefficienty and time delayrc for the field of one
laser to reach the other one. Physical causality demantibottar- and 1c be positive. The
fixed phases of each laser age Their contribution to the LFF events and the lasers synchro
nizations is not significant [7, 10]. Conversely, the ogdtfoequency detuning can play a major
role in the synchronization [18, 7, 10].

With a fourth order Runge-Kutta algorithm numerical dateesewere obtained foE;(t)
and these gave the normalized intensity seifie&)|°. The time scales in the integrations and
the equations parameters, if not stated otherwise, were figedt = 1 ps, Y1, = 282 nst,
No=15x10% e=5x10",k=y=22ns?, 1/1s=1.66 ns’. The timesr andtc, are in
the nanosecond range.

Calculations with zero frequency detuning and equal par@ars@nd pump currents; (=
1.013), corresponding to symmetrical systems, produced ricatéime series with leadership
exchange, again in agreement with the experiment. Segrétiiese data series are shown
in figure 3, to be compared with the experimental segmentgurdi2. Calculation with one
laser having sufficiently higher pump current gives synoimed LFF with the laser of higher
pump current always leading in time, as observed in the @xgerts. More on the sensitivity
of the calculated dynamics with respect to changes on thenpeters of equations 3, will be
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Fig. 3. Typical segment of the numerical time series of (8¢id and (b) laser 2 LFF power
drops under synchronized condition. Notice that the firgpdrare isochronous while time
leadership was interchanged between drops two and ttree10 ns andc = 10.05 ns.

discussed below. Let us emphasize that no stochastic teengsad in the equations. The
apparent random time distribution of the LFF events in eashrlas well as the time leadership
switching in the synchronism is due to the excitable natfileF¢ as discussed in [14, 16]. If
this excitable nature of LFF occurs for single lasers witkdigack it also will be manifest as
the fast fluctuations of one laser excites the LFF of the ¢thex coupled scheme. It must be
observed that the current argument do not eliminate the@esrsial possibility of the main
origin of LFF in single lasers as due to external noise orirgkfast fluctuations.

Numerical time series with- 10* pairs of drops were coarse grain filtered [16] with a 1 ns
time constant, and used to extract histograms of time dd&lefgeen the drops. The switching
of leadership from symmetrical systems was also examinddarcorrelation was found be-
tween consecutive values Aff;, up to second order conditional probability. This is indica
of a Markov process, obtained despite the fact that the @deteedrom deterministic numerical
equations with recurrence times andtc. Such result is consistent with an interpretation of a
pair of excitable systems created by high dimensional chétbslargely different time scales.
The ultrafast pulses (scale of hundreds of picosecondslilegiin each laser acts as excitation
pulses to trigger the LFF drops. The time differente{— T; > 1¢, 7c) among the LFF drops
of each of the two lasers appear as stochastic without mefh6}yThe experimental data show
the same lack of correlation for the delay times of LFF synolsm in symmetrical conditions.
The histograms associated to the data series of figures 2, ane Shown in figure 4.

With 1z = 10 ns andic = 10 ns, equation 1 witlmy = +1 andn; = +1, predictsAT, =
0,+10nsand+20ns Indeed, the histograms show that isochrony occurs, aldtigtime lead-
ership exchange events. The major probabilities are fanteweith AT; = 0 and+ 10 ns, with
few events at-20 ns and some ir-30 ns on the experimental data. It is important to mention
that for the calculations with totally symmetrical lasdfigure 4 (b)),7c # ¢ (¢ = 10.05 ns)

a small differencet = 10 ns andc = 10.05 ns) was necessary to give the non isochronous
events. In fact such differences which are intrinsicallggamt in the experiments change dra-
matically the amplitude of the peaks in the histograms bu¢mainor effect on the values of the
allowed delays in synchronized LFF. The robustness of tleioa between delay times and
the condition of LFF synchronization according to equatiomas also inspected for small, up
to 10%, of relative variations af- and1c. The sensitivity of the amplitudes of the histograms
with some of the lasers parameters is very stong. Within thualeoptical frequency calcula-
tions we could observe the dependence on the lasers cyrasrgiven in figures 4 (b) and (c).
As the pump currents were made different, the laser withdrighirrent begins to dominate,
presenting earlier LFF drops.
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Fig. 4. Histograms of the time delays between LFF pulses@hilo synchronized lasers
with T = 10 ns andrc = 10 ns(a) experimental, (b) numerical calculated with nticap

detuning and equal parameters and (c) numerical with lased2l having currents 1.014
and 1.013 above threshold, respectively.

Another typical experimental and numerical set of histaggavheren; andn; change within
the same synchronized evolution, is shown in figure 5. Thes ¢ase of symmetrical system

6
| Experimental a
g
5] Mmﬁ%
N—
E‘ 0 de]ﬂL]}M
=
< 6
3t
o4
o
2
07 4 oot ol [0 oo .|.....|I b o1 ] ..|..||.|.||..|..... o lallllls o o 1o ol ol
25 20 -15 -10 10 15 20 25
AT (ns)

Fig. 5. Histograms from experimental (a) and numerical @rjes for the time delays be-
tween LFF drops of the two synchronized lasags= 10 ns andic = 15 ns. These delay
values do not allow isochrone events, according to Eq. 1

where the laser parameters are equal but the values for fimeupling and feedback, were
chosen to give unstable isochromy:= 15 ns andg = 10 ns. Accordingly, in equation 1 these
values prevenAT, = 0, as seen by direct substitution of small integerst +1). Thus, in a
large time scale synchronism of the LFFs holds, but theriniayes a finite time lead between
the two lasers. The leadership can be exchange but eveimsudfaneous drops are excluded. A
special case of this condition is the original paper by Hedt al. [19] describing non isochrony
in the synchronized LFF of two diode lasers without feedkaul optically coupled.

Whentc > 1 we verified numerically that equation 1 still holds. The watf m is always
+1 whilen; assumes a large range of values. Isochrony is absent andrtiiraht events occur
with n; = 0, corresponding to delays dftc. Nonsymmetrical systems, as mentioned above,
also follow equation 1. A calculation with the two lasers imgvthe same currer = 1.013
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is given in figure 6 (a) while figure 6 (b) shows what happensmiaser 1 has its current
augmented td; = 1.025. The laser with higher current is always the time leaglezn though
sometimes its leading time jumps betweenand 1c — 1. These events correspond to LFF
drops withm, = 1 andn; = 0 changing tan, = 1 andn; = +1 along the dynamical evolution
with synchronized LFF excitation spikes.

L (a)
S
= 5
Saof (b)
el
O 201
!
10
07 L | _«J-hx L | L | L | L | L
-15 -5 0 5 10 15
AT, (ns)

Fig. 6. Histograms of the numerical delay times between lsyorized LFF drops of the
lasers withtg = 10 ns andic = 15 ns and showing the effect of asymmetric conditions in
the pump currents. In (&), = 1.013 for the two lasers and in (B) = 1.025 andJ, = 1.013,
making Laser 1 the time leader.

Optical frequency detuning between the lasers was invastigin numerical solutions. The
results for coupled lasers as in Eq. 3 verifies the previoslie established in master-slave
diode lasers synchronization [18, 19, 7]: With other par@mseequal, the laser with higher
optical frequency is advanced in time. Our new results, fdiréctional coupling also shows
the higher optical frequency laser leading the synchrahlZeF drops, even when there is
intermittent fluctuation in the advanced time differenchisTis shown in figure 7. A striking
difference is observed in the amplitudes of the histogram@f2m=+1 GHz andQ /2ir= -1
GHz, even though thAT; delays remain at the same positions in the two cases. Thecstwo®
histograms are calculated from time series that are not tnwal in their fast fluctuations as
we changed the signal 61. This is the reason for the histograms not to be perfectefyonad
with respect to zero detuning (the peak-d ns is not reproduced with the same amplitude at
+5 ns).

The physical origin of the intermittent interchange of gslén the synchronized lasers of
our experiments may be attributed to the excitable natule=6f in single diode lasers with
feedback. According to Giudi@t al. [14], the LFF power drops in a diode laser with optical
feedback have the features characteristic of an excitgisters driven by external noise. The
LFF spikes can also be interpreted as the excited spike @t the fast fluctuations (hundred
picoseconds) contained in the deterministic dynamicsegeHasers [15, 16]. The case of two
lasers synchronization treated as a pair of of excitablerysusing a common external noise
source has also been studied by Cisak it et al. [27]. Corisgl¢he fast fluctuations of each
laser as the equivalent noise that triggers their LFFs, fitieal coupling makes each laser be
subject to both fluctuations and so their LFFs will be exclitgd correlated source of equivalent
noise. Such fluctuations are correlated with peaks thatrdkpa the feedback times and the
inter-units delay time. Thus synchronized LFF drops campegcited by fluctuantions which
give an apparent random distribution to their delay timlessé delay times allways happening
at the peaks of the fast correlation.
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Fig. 7. Histograms of the numerical delay times between lsyorized LFF drops of the
lasers withtg = 10 ns andrc = 15 ns and); = 1.013, showing the effect of optical fre-
guency detuning. Above, witlh/2rr= —1 GHz, laser 1 had higher frequency and was
time leader in the LFF synchronized drops. Below, the opfiemuency was higher for
laser 2, which became time leader. See text for explanatiath® difference between the
two histograms

4. Conclusion

To summarize, from experiments with coupled diode lasetis fgedback, corroborated by the
numerical solutions of the corresponding rate equatiorsdgiscovered that the delay time in
the synchronization of coupled excitable systems withlfee# is controlled by a simple rela-
tion between feedback time and inter-coupling time. Theadlyics may have one of the systems
with a fixed time leadership or have its leading time switghialues by discrete steps depend-
ing on the values of the coupling and feedback times. Neaniynsetrical systems can also
have intermittent time leadership exchange always maiimgithe excitable spikes synchro-
nized in the large time scale. A simple equation that spehiyintercombinations of feedback
and coupling time to give the allowed values of delay in thecéyonized dynamics was in-
troduced. Coupled asymmetrical systems also follow thelitimms for the allowed delay time
between events. The various parameters of the systemgistiofluence the probability of
specific delays, distorting the histogram amplitudes, Within the same range of variation,
have no effect on the values of the allowed time delays. Cault® extend the previous [19]
determination of the symmetry breaking and instability xypected isochrony in the synchro-
nism of identical coupled chaotic systems without feedbl@ktso adds to the recently studied
properties of isochronal synchronism presented in [25]&havho emphasize the potential ap-
plication of these properties for encrypted communicatigffects of pump current and optical
frequency detuning have been shown to follow observatiepented for coupled diode lasers
when at least one do not have optical feedback [18, 19]. It lecautioned, however, that
a throughly exploitation of the many parameter space ofutelasers, which is beyond this
work, is lacking to characterize the range of validity of dieservations near symmetrical lasers
operation. A formal mathematical treatment of the stablg amstable fast dynamics chaotic
synchronization with delays having integer combinatioetsyeen feedback and coupling time
will be presented elsewhere. The phenomenon of selectiodition in time delays is bound to
appear generically in mutually coupled dynamical systemasta have applications in schemes
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