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Abstract. This paper deals with Gevrey global solvability on the N-dimen-
sional torus (TY ~ RY /27Z") to a class of nonlinear first order partial
differential equations in the form Lu — au —bu = f, where a, b, and f are
Gevrey functions on TV and L is a complex vector field defined on TY.
Diophantine properties of the coefficients of L appear in a natural way in
our results. Also, we present results in C'*° context.
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1. Introduction

For n > 1, let T"*! o~ R"*!/277Z"*! be the (n + 1)-dimensional torus, where
the coordinates are denoted by (z,t) € T" x T!, with x = (xq,...,x,) € T™
Let s > 1 be a real number. Recall that a complex-valued function f is

an s-Gevrey function on T"*!, if f is C° and there exist positive constants
C and R such that, for all a € Zi“ and all (z,t) € T"*! one has

|0% f(x,t)| < CRI*la!®.

In this paper we will make use of the well-known characterizations of
Gevrey functions via Fourier series. A complex-valued function f(z,t) is an
s-Gevrey function on T"*! if f is C™ and there exist positive constants C' and
€ such that

(k)] < CemeUIHIENY Dy (k) € 27 < 2,
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where f(.J, k) denotes the (.J, k)-coefficient of the Fourier series of f(z,t). Also,
f(x,t) is an s-Gevrey function on T"*! if f is C° and there exist positive
constants C, h and € such that

omf(J, 1) < Chmmlfe= I vy ez, v J ez,

where f(J,t) denotes the J-th coefficient of the partial Fourier series of f(z,t)
in the z-variable.

Denote G*(T"1) the space of s-Gevrey functions on T""!. Note that
G1(T"*1) is the space of real-analytic functions on T"*!. For more about
Gevrey functions see [20].

For fixed s > 1, we are interested in the existence of solutions in G*(T"*1)

to a class of first-order partial differential equations given by Pu = f, where
f€GH(T" ) and P : G*(T"*!) — G¥(T""!) has the form

ou - ou B
PU—E—F;C}@—FAU—!—BU, (1)

with A, B,C; € G*(T™T1).

Motivated by [4], we say that P is s—solvable on T"*! if for every f
in a subspace of G¥(T"*!) of finite codimension there exists u € G*(T"*!)
such that Pu = f in T"*!. Also, we say that P is s—globally hypoelliptic if
u € 2'(T") and Pu € G*(T"*?!) imply that u € G*(T"+1).

This paper is a follow-up to the paper [4], where the C'* solvability was
studied in the two dimensional torus T! x T*.

In the case where P is linear, that is, in the case where B = 0, the s-
solvability problem on T"*! is treated in [8]. On the other hand, in the case
where B # 0, the operator P is not anymore C-linear; the C* solvability on
T? was treated in [4]. For related papers see [2,3,6,7,9,11,12,14,16,18].

Our results are linked to Diophantine properties of the coefficients of P.

This work is organized as follows. In Sect. 2, we present a complete char-
acterization of the s-solvability and s-hypoellipticity in the case where P has
constant coefficients. In Sect. 3, we deal with the s-solvability for the class of
operators with coefficients depending on ¢ given by

ou ‘ ou . _
Pu=— - > (i) + Ajq(t)) 5= — (r(t) +idq(t))u — aq(t)u,
i=1 i
where p;,q,r € G*(TH;R), ¢ £0,0 e R, a € C\{0},and \; ER,j =1,--- ,n.
Also, we present results in C'°° context.

2. Operators with Constant Coefficients

In this section we will consider operators P given in the form (1) in the
case where P has constant coefficients. More precisely, let s > 1 and let
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P:G*(T"1) — G*(T"*1) be given by

ou ou ~
PU_EJF;C]»EE—M—BU, (2)

where A,B,C; € C, j=1,--- ,n. We denote C = (Cy,---,C,) € C™.
For f € G*(T™*!) we are interested in finding u € G*(T™*!) solution to
Pu = f in T*"'. By using Fourier series we can write

u(x,t) = Z uJ,ke(Jerkt)i and  f(a,1) = Z fJ7k6(J~z+kt)i'
(J,k)ezn+1 (Jk)ezn+1

The equation Pu = f leads us to the system

i(k+C-J)—Alusr —Bu—;—x = fix
B B B (3)
—Buyk+[i(k+C-J) - Au=;=% = f-s-
and, consequently,
Ajpugp=[i(k+C-J)=Alfrx+Bf-s_k, (4)
where
AJ,k:[i(k-i—C'J)—A][i(/ﬂ-l—é-(])—.Z]—BEi (5)
=—|k+C-J?+|A]? — |B|> — 2iRe(A(k + C - J)).

Hence, in order to find a solution u € G*(T" 1) to the equation Pu = f in
T+ we have to find a sequence (u ) satisfying (4) and, moreover, such that

the series u(w,t) = Z (J-z+kt)i
T+,

U ke converges in the G* topology in

(J,k)ezn+t1

Theorem 1. Let P be given by (2). Then, P is s-solvable on T"* if and only
if for every e > 0 there is C. > 0 such that
1A g| > Cee<UTIHIEDYS o 0l (U, k) € Z™ x Z with || J|| + k| > Ce, (6)
where Ay, is given by (5).
Proof. First, assume that (6) holds. Hence,
Q={(J,k)eZ" xXZ: Ay, =0},

is a finite set.

Define F = {f € G*(T"*") : f;x = 0for (J,k) € Q}. Then, .Z is a
finite codimension subspace of G*(T"*1). Let f € .# and let C. > 0 and € > 0
be such that

f(J, k)| < Coe™UTIHEDY "y (] k) € 2 x .
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By using (6) for €/2 we obtain that the sequence (u ;) given by (4) satisfies
sl < CeCh ik +T - J) = A| + | Blyem 2 IVIHDY

< Ce~ i III+IKD)

1/s
’

for some C' > 0 and ||.J|| + |k| large enough. Hence, P is s-solvable on T"*! in
this case.

Conversely, assume that (6) fails. Then, we can find €y > 0, C¢, > 0, and
a sequence (Jy, ky) € Z™ x Z, satisfying

— /s .
|AJ4,/€£| < Ceo e co(|Jell+1kel)* ,  with HJEH + ‘ké‘ > 0.

Assume that Ak, = 0 for infinitely many values of ¢ € Z. . By passing
to a subsequence if necessary, we may assume that A j,;, = 0 for every £ € Z,..

Hence, if the equation Pu = f has a solution u on T"*! then, by (3 and
4), the Fourier coefficients of f must satisfy, for each £ € Z_,

(i) either fj, k, =0o0r f_j, _k, =0, if B =0;

(11) [/L(kf +C- JZ) - A]sz,k:z + Bf*]/{,*k({ =0, it B 7é 0.
This implies that f has to satisfy infinitely many compatibility conditions.
Therefore, the image PG*(T"*!) has infinite codimension and P is not s-
solvable on T"*+1,

We stressed that (i) and (ii) are compatibility conditions in two different
situations; that is, (i) are compatibility conditions in the linear case, while (ii)
are compatibility conditions in the non C-linear case.

Finally, assume that Aj, r, = 0 only for a finite number of values of
¢ € Z, . Hence, by passing to a subsequence, we may assume

0 < [Ag, k| < CepemeollZelH D™ e 7, (7)

and, also, that for some m all j,,,¢’s are nonzero and have the same sign, where
Jme 18 the m-th coordinate of J,.

Let Q = {(Jo, ke); £ € Z1} and note that Q is an infinite set.

Assume that B # 0. Let Qg be an infinite subset of £ and define

f(xﬂf) _ Z Aj,kei(‘]'x-i_kt).
(J,k)eQo

It follows from (7) that f € G*(T"*1). Note that f_;_, = 0 for (J, k) € Qo,
because according our assumption each j,,¢ (the m-th coordinate of J;) must
have the same sign. Let u be a solution to the equation Pu = f. Simple
calculations show us that we can write u = w + v, where

v(z,t)= Y Be T4 N (i C-J) — A] TR (8)
(J;k)EQ0 (J,k)EQo

and the Fourier series of w contains only frequencies (J,k) € Qo U (—Qp).
Hence, v € 2/(T"1)\G*(T"*!) and, consequently, u € 2'(T"F1)\G*(T"1).
As before, PG*(T"*1) has infinite codimension in G*(T"*1).
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Now, assume that B = 0. Then, either

|Z(k€ + C . J[) — A‘ < Cﬁ%() 67570(”][H+|k1{|)1/s (9)
or
| = ilke+C - Jp) — A < C e B ke (10)

for infinitely many values of ¢ € Z,. By passing to a subsequence, we may
assume that either (9) or (10) holds for every ¢ € Z,. We will assume that
(9) holds for every ¢ € Z, (the case (10) is analogous). Let Qg be an infinite
subset of  and define f € G*(T"*!) by

f= Y li(k+C-J)— ATk,
(J,k)eQo
Let u be a solution to the equation Pu = f. As before, we can write u = w+w,
where
v(a, )= Y TR e g/(TrTIN\GH (T ) (11)
(J,k)EQo

and the Fourier series of w contains only frequencies (J, k) € Qo U (—Qp);
hence, u € 2'(T" 1)\ G*(T"*1). Therefore, P is not s-solvable on T"*t. [J

In the C* context, we say that P (given by (2) and viewed as an op-
erator acting in C°°(T?)) is solvable on T"T! if for every f in a subspace of
C°°(T™*1) of finite codimension there exists u € C°°(T™*!) such that Pu = f
in T"*!. Also, we say that P is globally hypoelliptic if v € 2'(T"*!) and
Pu € C°(T™*1) imply that u € C°°(T"*1).

Similiar arguments used in the proof of Theorem 1 can be used to obtain
the following C'*° version:

Theorem 2. Let P be given by (2). Then, P is solvable on T"*! if and only if
there is a constant v > 0 such that

1
U1+ 1RDY
where Ay is given by (4).

Ay k] > for all (J,k) € Z" X Z and ||J|| + |k| > v, (12)

Remark 1. Comparing Theorem 2 with Theorem 1 of [4], now Im(C) # 0 is not
ou n ou

enough to guarantee that L = e + - C; 3 is elliptic and, consequently,
that Ay satisfies (12). For instance, taking C = (i,0,--- ,0) and A= B =1

we have Im(C) # 0 and Ay =0 for all J = (0,72, ,jn)-

The next result shows that if |[B| > |A| then the non C-linearity of P is
strong enough to guarantee the solvability.

Corollary 1. Let P be given by (2). If |B| > |A| then P is solvable and s-
solvable on T™+1.



104 Page 6 of 17 M. F. de Almeida, P. L. Dattori da Silva Results Math

Proof. We have
[Askl = [Re(Agp)| = | = [k +C - JI* + |A]* = |BP*| > |B|* - |A* > 0,
for all (J, k) € Z™ x Z. O

Corollary 2. Let s > 1 and let P : G*(T?) — G*(T?) be given by

ou ou _
Pu-a—i—C%—Au—Bu,

where A, B,C € C. If InC # 0 then P is s-solvable on T?.

Proof. The vector field L = 9/0t + C 0/0x is elliptic, since ImC # 0. Hence,
as showed in [4], |A, x| satisfies (12) and, therefore, (6). O

Corollary 3. Let P be given by (2). If P is solvable on T"*! then P is s-solvable
on T+,

In general the reciprocal of Corollary 3 is not true, as we can see in the
example 1 below.

Conditions (6 and 12) are linked to the notion of (exponential) Liouville
numbers.

Let « be an irrational number. We say that « is a Liouville number if for
every N € Z4 there is K > 0 such that the inequality

o f;' < Kg N (13)

has infinitely many solutions p/q € Q, with p € Z and ¢ € Z,. Also, we say
that « is an exponential Liouville number of order s > 1 if there exists € > 0
such that the inequality

p 1/s

a— ‘ <e ™
q
has infinitely many solutions p/q € Q, with p € Z and ¢ € Z..

Recall that an irrational number o has an unique continued fraction
expansion

(14)

a=lag:ai,az,as, -] =ag+
a1+
1
ag + ———

1
a3+7

where ag € Z and a,, € Z, for n > 1.

Example 1. Let s > 1 and let P : G*(T?) — G*(T?) be given by
ou ou

—tu — U,
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where o = [1:10,10%,--- ,10™,---].
The irrational « is a Liouville number (see [15]), but it is not an expo-
nential Liouville number of order s, for any s > 1 (see [1] and [13]).

We claim that P is not solvable on T? (viewed as an operator acting in

C°°(T?)), but P is s-solvable. Indeed, we have that
[Ajk| = [k — ajf”.

Since « is a Liouville number, for every v > 0 there is a sequence (pg,qe) €
72, with g — oo, such that |gev — pg| < ¢, 7, for all £ > 1; equivalently,
for every v > 0 there is a sequence (p;,q) € Z?, with ¢ — oo, such that
lgecr — pe| < (Ipe| + q¢)~7, for all £ > 1. Hence, (12) is not satisfied and,
consequently, P is not solvable on T?. On the other hand, since « is not an
exponential Liouville number of order s, for every ¢ > 0 there is C. > 0 such
that |jo — k| > Cee=<URI+ID" for all (j,k) € (Z x Z)\ {(0,0)}. Hence, (6) is
satisfied and, consequently, P is s-solvable on TZ2. O

The arguments used in the proof of Theorem 1 can be used to prove the
following.

Theorem 3. Let P be given by (2). Then, P is s-globally hypoelliptic if and
only if (6) is satisfied. Also, P is globally hypoelliptic if and only if (12) is
satisfied.

It follows from Theorems 1, 2, and 3 that

Corollary 4. Let P be given by (2). Then, P is s-solvable on T"*! if and only
if P is s-globally hypoelliptic. Also, P is solvable on Tt if and only if P is
globally hypoelliptic.

Now, let us return to our problem in a special situation: the case where
o & ou
L=— Cij—
8t + Z J 8xj
Jj=1
is a real vector field; that is, C; € R, for j =1,--- ,n.
Natural Diophantine conditions (DC), and (DC) appear. For fixed s > 1,
we say that (£,7) € R” x R satisfies (DC), if for every € > 0 there is Cc > 0
such that
(DO), k€T =] = G4
for all (J, k) € Z™ x Z, with ||J|| + |k| > C.. Also, we say that (¢,n7) € R" x R
satisfies (DC) if there is a constant v > 0 such that
1
(DC) k+&J—nl 2 70—
(U1 =+ (&)
for all (J,k) € Z" x Z and || J|| + |k| > 7.
In the situation where Im(C) = 0, Theorems 1 and 3 can be rewritten as
follows:
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Theorem 4. Let s > 1 and let P be given by (2). Assume that Im(C) = 0.
Then, P is s-solvable on T™ 1 if and only if one of the following conditions is
satisfied:

(i) |B[ > [Al;

(ii) |B| < |A|, and Re(A) # 0;

(iii) the vector (C,\/|A]? — | B|?) is in R"*!  and satisfies (DC)s.

Also, we have:

Theorem 5. Let s > 1 and let P be given by (2). Assume that Im(C) = 0.
Then, P is not s-globally hypoelliptic if and only if the following condition is
satisfied:

(iv) |B| < |A|, the vector (C, \/|AJ]?> — | B|?) does not satisfy (DC)s and, more-
over, one has Re(A) = 0 when |B| < |A|.

The proof of Theorems 4 and 5 can be obtained by applying the similar
arguments that in the proof of Theorems 1 and 2 of [4] and it will be omitted
here.

Also, we could state C'° versions of the Theorems 4 and 5 replacing
(DO), by (DC).

3. A Class of Operators with Variable Coefficients

In this section we will consider a class of operators P : G*(T"+1) — G*(T"*!)
with variable coefficients.
Let s > 1 and let
0 = ) 0
L= E — Z(pj(t) + ’L)\jq]'(t))%, (15)

j=1 J

be a complex vector field defined on T? x T}, where ¢,p; € G*(T};R), j =
1,---,n, ¢; # 0 for some j, and (Ag,---, \,) € R".

We will assume that L satisfies the Nirenberg-Treves condition (£2);
hence, L is locally solvable (see, for instance, [5] or [19]; also, [10]).

Our assumption implies that L has the form
— % —Z(pj(t)—l—i/\jq(t))aij, q#0, (16)

j=1

L

where ¢ € G*(T?') does not change sign on T! (see [9]; also, [6])). There is no
loss of generality in assuming that q(¢) > 0 for all ¢ € T*.
Let
1 2m

Pos py(0)dt W@ZA%ﬁ%mMﬂ

:ﬂ ;
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and
m(t) = (ma(t), -, ma(t)).
By using partial Fourier series in the variables (z1,...,z,) we define the op-
erator T : G*(T"*1) — G*(T"*1) given by
Tu(w,t) = Y Tu(J,t)e™”, (17)
Jemn
with

Tu(J,t) = a(J,t) et Jo ™ Jdr - forall € 7.
As showed in [8], T is well-defined and

n

0 0
_1 — — . y .

j=1
where T, the inverse of T, is given by
T-To(J,t) = 0(J,t) et o mJdr - for all € Z™.

From now on we will assume that our operator L has the form

n

L= g = Y+ () 5 (18)

j=1
3.1. Complex Case

Assume that (A1, -, \,) € R™\{0}.
Let

P Gs(TnJrl) N Gs(TnJrl)
be the operator defined by
Pu = Lu — (r(t) +idq(t))u — agq(t)a, (19)

where L is given by (18), r € G*(T*;R), § € R and o € C )\ {0}.
Let

poz(p017"' 7p0’n) and )\:()\1» 7)\n)>

where pg; and A; are given in (18). Define

t t 27 27
2(t) :/ q(o)do, Z(t)= / r(o)do, qo= / q(o)do, and ro = / r(o)do.
0 0 0 0
We have gy > 0, since 0 < g # 0.
Let
Ag =19 +1idqy, DBo=aqy, and Cy=2mpgy -+ igoA.

Note that Cy = (2mpo1 +iA1qo, - -+, 27Ppon +iAnqo) € C™. Also, for each J € Z"
let

pr=V(A- T —i6)* +al?,
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where we choose py to have Re(py) > 0.
Now, we are ready to present the main result of this section.

Theorem 6. Let P be given by (19). Assume that the coefficients of P satisfy:

(1) ol #6];
(IT) there is no (J, k) € Z™ X Z satisfying

Re(Ao(2km +.J - Cp)) =0 )
|2km + J - Co|* = |Ao|* — | Bo|*

(II) for every e > 0 there is Ce > 0 such that

and

. _ - _ - _ 1/s
mln{’e prgo _ grot2miJ p0| ; ‘1 _ ero—prqot2miJ po’} > C.e ellJ|

for all (J, k) € Z™ x Z, with ||J|| > C..
Then, for every f € G5(T"HL), there is u € G*(T"Y) solution to the equation
Pu=f in T"*.

Proof. The proof of this Theorem, which amounts to an adaptation of the
proof of Theorem 7 of [4], will be sketched here.
Given f € G*(T"*!) it will be found v € G¥(T"*!) solution to Pu = f

in T**!. By using partial Fourier series in the variables (z1,--- ,x,) we have
u(z,t) = Z uy(t)e'”*  and
Jezn
fla,t) =" fi(t)e
Jezn
Hence, for each J € Z™ the equation Pu = f leads to
{ uly — [i(po +iXq(t)) - J +r(t) + idq()]us — aq(t)u=y = f; (20)
u—j' = [i(po —irg(t)) - J +r(t) —idq(D)]u=y —ag(t)us = f-s
For each J € Z", let
uy fa
= d F;=(-].
v (5s) e = (75)
We can rewrite (20) as
’UJ‘/]:MJU)J—FIFJ, (21)
where
M, = (i(po +idg(t) - J +r(t) +idq(t) aq(t) )
aq(t) i(po —irq(t)) - J +r(t) —idq(t) )
In order for the function w; to be a 2w-periodic solution of (21), the function
Yy = e*iJ'potfff(t)wJ (22)

has to satisfy
Yy = q(t)Nyyy + e /2ot # R, (23)
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and, also,
yJ(O) _ 627riJ-p0+myJ(2ﬂ.) ,

where

(A T+ o
NJ( a /\-J—i6>'

The eigenvalues p; and oy of N; are given by
ps =V T =) +]aP) and o; = —py;

recall that Re(ps) > 0. It follows from (I) that p; # 0 and, consequently, N;
is invertible. It is easy to see that the eigenvectors of NV corresponding to £p
are

Vi = ((/\~JO;5)j:pJ> '

For each J € Z", let Ty = (V; V; ). Then
- 10
TJ 1NJTJ = pJ (O _1) )
and (23) becomes
10\, e ~
vy =a(t)psTs (0 _1) Trlyy +e Pot=2OT,rR (24)

For each J € Z", let z; = TJ_ly J- The differential equation (24) leads us
to

10 T pot—% _
2= pq(t) (0 1) 2y + e W Pt=Z MR, (25)

restricted to z7(0) = e2™/ Potroz;(27).

For J € Z™, let
ep‘]fj(t) O
20= (") ).

2m
where 2(t) = —/ q(o)do.
¢
We will seek for solutions of (25) in the form z;(t) = Z;(¢t)Cs(¢). Let
_ (Gu@) _ p1

6o = (Gu1t) =150
The equation (25) leads us to

Z;(t)Ch(t) = e Pt F G (1),
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Hence,

27 .
_/ e_pv’g(")e_“‘p‘)”_'%(")GlJ(a)da
Oj(t) = t t + KJ7

/ emg(ﬂ)e—iJ-poU—/’f(U)GQJ(U)da
0

for some K; € R?; consequently,

2w . -
_/ P (ZO=2(0) =il poo=F () G, 1 (5)dor
Z](t) _ t, +ZJ(t)KJ.

/ P (2(0)=2(0) =i P07 Gy (5)dor
0

Since z; has to satisfy z;(0) = e?/"Po27+70 2 ;(27), we should have

27 . .
_ ps(£2(0)=2(0)) ,—iJ-poo—%(0)
Z,(0)K, + /06 TGy (0)do

0

0
— eiJ~p027r+r0 27 . P . P
/ ¢P1(2(0)=2(m) =il s -H(O) G, () dor
0
+€2Wi]'pO+TOZJ(27T)KJ .

Hence, we have

(ZJ(O) - BZWiJ'p0+TOZJ(27T)) KJ

2m N .
/ eP1(20)=2(0)) (=i 207=%() G, (o) dor
=1 270 . (206)
/ 01 (2(0)=2(2m)) (=i po(0=2m)~(#(2)=10) Gy () dor
0

Simple calculations show that condition (II) implies that the matrix

0 1 — e—PJ90+To+2miJ po

. —pJsgo _ prot2miJ-po
ZJ(O) o e27er‘po+rozj(2ﬂ_) _ (e e 0 )

is invertible. Then,

21 0p1(2(0)=2(0)) g—iJ-poo—% (o)

. G1y(0)do
e—PId0 — e27r7,]-p0+r0 1‘]( )

Ks= /27r epOJ(:2(a)f,@(27r))efz‘J-po(af2vr)f(<”i?(a)fro)
0

Goy(o)do

1— eQTriJ-pg«Froprqo
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and, therefore,

27 . _
_ / er1(E(O)=-2(0)) (=iT207-R(0) G, (5)dor
zy(t) = b )
/ P/ 2(0)=2(1) (=iT 207 -R(9) G, () dor
0

o [ e O 2@ it poa ()
e J

; Gr(0)do
e PId0 — 62m.]~p0+r0 1J( )

+ C2r  p)(2(0)—2(27)) o—idpoo—R (o)
e—pJ,@(t)/ € ¢ Goy(0)do
0

1— 627riJ-p0+rgprq0

Finally, since w; = e/ Pot+%()y ; and y; = T2y we have

ug(t) = ae™ P (25 (1) + 224(8)

where 217 and 255 are the components of z;.

It follows at once from (IIT) that z1; and z9; decay rapidly. Analogous
estimates can be obtained for the derivatives Zi?) and zén]), m € N. Hence,
(uy) is of rapid decay as ||.J|| — oc.

Therefore, the sequence (u ) defines a G® function u(x,t) = Z wy(t)e””

Jezn
solution to Pu = f in T, O

Similar arguments can be used to prove the following version, where the
coefficients of P can be taken only in C°°(T"*!) instead G*(T"T1):

Theorem 7. Let P be given by (19). Assume that the coefficients of P satisfy:

(1) lal #13];
(II) there is no (J, k) € Z™ x Z satisfying

Re(Ao(2km +J-Cp)) =0 . and
|2k + T - Col* = |Ao|? — |Bol* *
(III) there is v > 0 such that
- - 1
min{|6*,ﬂllqo _ 67”0+27”J'p0| , |1 _ e”‘o*ﬂ.ﬂ]n+27m]-po|} > W

for all (J k) € Z™ X Z, with |J| > .

Then, for every f € C°°(T™1Y), there is u € C°(T" 1) solution to the equa-
tion Pu = f in T,

Comparing Theorem 7 with Theorem 7 of [4], note that conditions (I)
and (II) do not imply (III) when we are working on T"*! with n > 2. For
instance:
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Ezample 2. Consider P : C>(T?) — C°°(T?3) defined by

2
8 0
Pu = — —icos? ; a—m] — iV/2cos? (t)u — cos® (t) .

By using the notation of Theorem 7 we have: o = 1, § = /2, Ay =
—iV2m, By =, Co = i(m,m), A= (1,1), 1o = 0, po = (0,0), and go = 7.

Note that |a| = 1 < /2 = |§]; hence, (I) is satisfied.

Also, for J = (j1, j2), we have:
Re(Ao(2km +J - Co)) = Re(—iv/2m(2km —i(jy. ja) - (m,7)) = =V2m* (ju + jo);
hence,

Re(Ag(2km +.J-Co)) =0 = jo = —ji1.
On the other hand, for J = (j, —j) we have
|2km + J - Col* = [2km +i(j, =) - (mw,m)* = (2k)*7® # 7% = |Ao|* — | Bo|?,

for all k € Z. Hence, (II) is satisfied.

Finally, for J = (j,—j) we have p; = i; hence,

1— ¢ prqo+2miJ-po _ =1 —MT =0

and, therefore, (III) is not satisfied.
3.2. Real Case

Assume XA = 0 in (18). In this case L is a real vector field in the form

0 = 0
L—a—;pwaixjv (27)

where pg; € R, forall j =1,---,n
We define the operator
P Gs(Tn-i-l) N Gs(Tn—i—l)
given by
Pu= Lu— (r(t) +i0q(t))u — ag(t)u, qZ0, (28)
where L is given by (27), ¢, € G*(T};R), ¢(t) > 0 for all t € T!, § € R and
a e C\ {0}

Theorem 8. Let P be given by (28). Using the same notation of theorem 7,
assume that one of the following conditions is satisfied:

(i) |Bo| > |Aol;

(it) |Bol < |Aol, |e| > [6] and

. . Re(Ao(k +J - po)) = 0 |

(x) A(J, k) € Z™ x Z solution for { 42k + J - po|? = |Aof? — |Bo[?
(i11) || < 16| and ro # O;
(i) la] <16, 70 =0, (x)
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holds and, also, the following Diophantine condition holds:
(DC)., for every e > 0 there is C. > 0 such that

|2k + 27T - po — qo/ 0% — |a|?| > C’ee_e‘l‘”ll/s
for all (J, k) € Z™ x Z, with ||J|| > C..
Then, given f € G*(T"H1) there is a solution u € G*(T" 1) of the equa-
tion Pu = f in T"*1,

We stressed that the Diophantine condition (DC)’ is slightly stronger
than (DC)s given in Theorem 4.

The proof of Theorem 8 is obtained by proceeding as in the proof of
Theorem 7 and by using the following:

Lemma 1. The diophantine condition (DC')’, is equivalent to
(DC)! for every e > 0 there is C. > 0 such that

|ei@m T po—a0/6> o) _ 7| > Ce—claIts
for all (J, k) € Z™ x Z, with ||J|| > C..

The proof of Lemma 1 is a simple adaptation of that of Lemma 13 in [4]
and we will omit here.
As done for Theorem 6, it is possible state a C'°° version of Theorem 8.
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